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Abstract
Homometallic ferrimagnetism is quite difficult to find in Nature, and this
fact makes Na2Cu5Si4O14 an interesting material due to its ferrimagnetic
arrangement of Cu ions in a zigzag chain with dimers and trimers. In view
of this, we developed a theoretical model for the magnetic specific heat of
a homometallic ferrimagnet and then compared it with experimental data for
Na2Cu5Si4O14 compound. The successful comparison validates the model and
further analysis makes it possible to predict anomalous behavior of this low
dimensional magnetic system, due to the crossing of the energy levels.

1. Introduction

Low dimensional quantum magnetism is an emerging field that has been attracting much
attention in recent years. Magnetic chain systems in particular have been studied in
detail because of their diversity, namely with respect to (i) the type of the magnetic
interaction, antiferromagnetic [1] or ferromagnetic [2], (ii) the different magnetic elements—
homometallic [3] or heterometallic [4]—and (iii) the topology of the magnetic centers, i.e. the
spatial arrangement of the different magnetic exchange terms such as spin ladders [5] and
ferris wheels [6]. This variety of phenomena results in the occurrence of a wealth of
physical phenomena where notable examples are Haldane chains [7–9], and spin–Peierls
transitions [10].

From the experimental point of view, while the understanding of the magnetic susceptibil-
ity behavior is rather straightforward, the analysis of other thermodynamical properties, such
as the magnetic specific heat, is rather non-trivial, since this quantity is always compounded
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with other degrees of freedom, such as lattice and electronic contributions. Ways to avoid
this problem are threefold: (i) subtraction of theoretical electronic and lattice terms [11], (ii)
chemical synthesis, when possible, of a non-magnetic analog of the compound, to extract the
contributions to the specific heat [12] or (iii) measurement under several values of magnetic
fields, to obtain information related specifically to the magnetic part of the specific heat [13].
Furthermore, unlike what is observed in three-dimensional systems (where a well defined mag-
netic transition is observed), in low dimensional systems the magnetic contribution to the total
specific heat is small, when compared to the lattice term, and is often spread out over a wide
temperature range [14]. In fact, to complicate matters further, in most inorganic low dimen-
sional systems, there is a transition to a 3D magnetic ordering at some finite temperature that
also contributes to the total specific heat.

Despite these drawbacks, theoretical and experimental studies on the thermodynamical
properties of magnetic chains have shown that a wide variety of interesting behaviors can
be observed. Particularly interesting are ferrimagnetic chain systems, where the coexistence
of ferromagnetic (gapless) and antiferromagnetic (gapped) excitations causes the temperature
dependence of the specific heat to display both ferromagnetic and antiferromagnetic aspects
[15]. More recently it was shown that ferrimagnetic systems can exhibit an intrinsic (not field
induced) double-peak feature in the specific heat [16] and that feature is not exclusive to mixed
spin systems, but can be observed in homometallic ferrimagnets. In fact, other results show the
occurrence of such a double peak even for ferromagnetic mixed spin chains [17, 18].

Since antiferromagnetic coupling is more prevalent in most compounds than ferromagnetic
coupling, ferrimagnetism is a convenient way of obtaining remanent magnetization in a
antiferromagnetic system. Ferrimagnetic chain systems, for instance, are obtained through
the alternation of magnetic species with different spins with antiferromagnetic interaction,
resulting in uncompensated spins. On the other hand, homometallic ferrimagnetism is much
less frequent, but can also be observed, usually involving an alternation of the g-factor
as observed for Co2-EDTA [3], or a topology including odd numbers of metal centers
with complex magnetic exchange interactions, as observed for (Ca, Sr)3Cu3(PO4)4 [19] and
Na2Cu5Si4O14 [20].

Recently, we have reported a linear chain copper silicate where ferrimagnetism is observed
due to the clustering of odd (trimers) and even (dimers) copper ions along the chain, resulting
in ferrimagnetic behavior. We have developed a simplified magnetic Hamiltonian that accounts
for the observed magnetic properties of this chain system6. This result prompted us to study
the thermodynamical character of this chain compound. In the present work we investigate in
detail the specific heat properties of such a Hamiltonian; from a theoretical point of view and
comparing it with our experimental data.

1.1. Structure and magnetic susceptibility

Details on the crystal structure of the copper silicate Na2Cu5Si4O14 were published elsewhere,
as well as the synthesis procedure [21]. It contains a zigzag copper chain with alternating
dimers and trimers as shown in figure 1. All the copper ions are in square planar coordination
and the dimer and trimer units consist on two and three edge sharing CuO4 units, respectively.
The magnetic properties of such system have been explained based on a set of three magnetic

6 In order to obtain a fundamental understanding of molecular magnets, especially those lacking three-dimensional
order, many important advances have been made in recent years; not only in the fundamental approaches to solving the
magnetic Hamiltonian in an analytical way, as presented in this work, but also others that harness the computational
power now readily available. These latter apply powerful techniques based on numerical methods, some of them
already reaching the development stage of end-user interfaces (see e.g. the ALPS project—http://alps.comp-phys.org).
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Figure 1. Copper chain topology in Na2Cu5Si4O14. All copper ions are in square planar
coordination (Cu—light, O—dark) (top). The magnetic sequence of the chain (see the text) and
its connection with the crystal structure are also shown (bottom).

(This figure is in colour only in the electronic version)

Figure 2. Experimental (open circle) and theoretical (full line—see section 1.2 and [20] for details),
magnetic susceptibility. The inset represents the ground state arrangement obtained from that fit to
the data.

exchange interactions: intratrimer (J1), intradimer (J3), and interdimer–trimer (J2). These
chains are separated by Si2O7 double tetrahedra and are magnetic isolated down to 8 K, where
a transition to a 3D antiferromagnetic phase is observed. The arrows in figure 1 represent the
ground state arrangement (ferrimagnetic).

The magnetic susceptibility χT versus temperature is shown in figure 2. The plot shows a
broad minimum at 64 K, increasing to a maximum at 36 K before a sharp decrease to the ground
state. These features have been reported in the literature for one-dimensional compounds,
where this broad minimum is associated with 1D ferrimagnetism. The sharp decrease in the
plot at low temperatures is shown to be associated with the S = 1/2 ground state of this
chain [20].

1.2. Magnetic Hamiltonian

In our previous work [20], we have proposed the following Hamiltonian, written in accordance
with the inset of figure 2 (general arrangement):

H = −J1(S1S2 + S2S3) − J2SA SB − J3S4S5 − gμB H S. (1)
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All possible states allowed by the system in the basis |s, sA, sB, sB′ 〉 are

� =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 : |5/2, 1, 3/2, 1〉
2 : |3/2, 1, 3/2, 1〉
3 : |3/2, 1, 1/2, 1〉
4 : |3/2, 1, 1/2, 0〉
5 : |3/2, 0, 3/2, 1〉
6 : |1/2, 0, 1/2, 1〉
7 : |1/2, 0, 1/2, 0〉
8 : |1/2, 1, 3/2, 1〉
9 : |1/2, 1, 1/2, 1〉
10 : |1/2, 1, 1/2, 0〉

(2)

and the corresponding zero-field eigenvalues of energy E (0)
� = E�(H = 0) are

E (0)
� = −1

2
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⎞

⎟
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⎟
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⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

·
( J1

J2

J3

)

. (3)

Here, SB = S1 + S2 + S3, SA = S4 + S5, S = SA + SB and SB ′ = S1 + S3 (see the inset of
figure 2).

2. Thermodynamic quantities

The magnetic contribution to the internal energy of the system can be derived from the
following equation:

Um =
∑

�

{∑
ms

(−E (0)
� + ms x̄kBT )ex̄ms

}
e−E (0)

� /kB T

∑
�

{∑
ms

ex̄ms
}

e−E (0)
� /kB T

, (4)

where

x̄ = gμB H

kBT
. (5)

The magnetic contribution to the specific heat and entropy can be derived from
equation (4):

Cm = ∂Um

∂T
(6)

Sm = kB ln(Zm) + Um

T
, (7)

where Zm means the magnetic contribution to the partition function and is given by the
denominator of equation (4). All of these quantities will be evaluated numerically and the
results discussed in the next section.
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Figure 3. Left: experimental specific heat under 90 kOe and zero field. The inset is a detail
of the low temperature regime, where a 3D phase arises below 8 K [20]. Right: difference
between specific heat data, with (90 kOe) and without applied magnetic field. The full line was
evaluated from equations (6) and (4) and is not a fit to the data, i.e. it was evaluated using the
set {J1 = −236.20, J2 = −8.11, J3 = 39.89} K, obtained from the analysis of the magnetic
susceptibility [20].

3. Discussion

3.1. Experimental validation of the model

In our previous work [20], we have applied this model to understand the magnetic properties
of Na2Cu5Si4O14 homometallic compound. That model returns the following exchange
parameters: {J1 = −236.20, J2 = −8.11, J3 = 39.89} K. With these values we obtained
the theoretical specific heat curve, shown in figure 3. The left panel shows the experimentally
observed specific heat for the Na2Cu5Si4O14 compound, under zero and 90 kOe of applied field
(measured in a PPMS Quantum Design device). Note in the inset a local peak, related to the
3D and 1D phases [20]. This transition is in fact the low temperature limit that is accessible to
compare with our model. The right panel presents the difference between those two curves of
specific heat (Cm(H = 0)−Cm (H = 90 kOe)), and the corresponding theoretical result (from
equations (4) and (6) and using those values of {J1, J2, J3} mentioned above). It is important
to emphasize the quite good agreement between experimental and theoretical results, obtained
from the direct application of the model and not from a fit to the data.

Extending this analysis, figure 4 presents the magnetic contribution to the specific heat
(obtained from equations (4) and (6)), as a function of temperature (top left panel), for zero and
90 kOe; and also as a function of high magnetic field (top right panel), for 10 K. This last panel
is a hypothetical case, with experimentally inaccessible values of magnetic field, and shows
anomalies that would be observed in this compound (if those values of magnetic field were to
be reached).

Panels bottom left and bottom right present, respectively, entropy and internal energy as a
function of temperature and zero magnetic field, with the corresponding limits, for T → 0 and
∞ (see the appendix).

3.2. General aspects of the model

It is interesting to use this simple model to look in detail at some of the most relevant features
that this system would present, even beyond experimentally accessible ranges. Figure 5
presents specific heat as a function of temperature for several sets {J1, J2, J3}. Special
attention should be given to both curves numbered 3 (coincidentally the same basic structure—

5



J. Phys.: Condens. Matter 19 (2007) 446203 M S Reis et al

Figure 4. Prediction of Cm (top panels), magnetic entropy Sm (bottom left panel) and internal
energy Um (bottom right panel), as a function of temperature, for {J1 = −236.20, J2 =
−8.11, J3 = 39.89} K; values obtained in [20] for this sample Na2Cu5Si4O14. See the appendix
for verifying the high and low temperature limits.

ferrimagnetic—as was observed for the compound presented here), where a double peak is
present. Figure 6 presents the magnetic specific heat as a function of temperature for the
same combination of parameters as were used for the curves numbered 3, for several values
of magnetic field (zero, 5 and 10 kOe). Note that the double peak observed for high and
low values of the magnetic field (zero and 10 kOe) disappears for the intermediate value (5
kOe). This feature has also been reported by Efremov and co-workers [22], for single-dimer
molecules under strong magnetic field, and it is related to magnetic field induced ground state
crossover, as will be discussed below.

Figure 7, top, presents the magnetic specific heat as a function of magnetic field for
several temperatures. Here, those anomalies found as a function of temperature (figure 6)
are reproduced, however, as a function of magnetic field. For T = 0.02 K we found two
peaks symmetrically centered at critical fields Hc1 and Hc2. It should be noticed that an
increase in temperature broadens those peaks. This feature has also been reported by Efremov
et al [22] The bottom panel of figure 7 presents the Zeeman splitting of some quantum
energy levels, highlighting the different ground states accessed by changing the magnetic field.
Thus, Hc1 corresponds to the magnetic field responsible for the first crossing of the quantum
levels, changing therefore the ground state. In other words, the ground state changes from
9 : |1/2, 1, 1/2, 1, ms = 1/2〉 to 3 : |3/2, 1, 1/2, 1, ms = 3/2〉, at Hc1. A further increasing
of the magnetic field changes the ground state again, from 3 : |3/2, 1, 1/2, 1, ms = 3/2〉
to 1 : |5/2, 1, 3/2, 1, ms = 5/2〉, at Hc2. The middle panels clarify those crossings of the
quantum levels (ground states); we have plotted probability of occupancy as a function of
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Figure 5. Zero-field magnetic contribution to the specific heat as a function of temperature, for
several sets {J1, J2, J3}. Note the double peak for both curves numbered 3 (top and bottom panels).

Figure 6. Magnetic specific heat as a function of temperature, for some values of applied magnetic
field. In this case, J1 = −1 K, J2 = −0.1 K and J3 = 1 K. Note that the double peak disappears
for intermediate values of magnetic field.

magnetic field, for several values of temperature. Note also the crossing of this quantity at Hc1

and Hc2. It is interesting to note that close to the fields Hc1 and Hc2, only the lowest two levels
are relevant for sufficiently low temperatures. This yields a reduction to a two-level system
which naturally explains the symmetric double-peak structure in the specific heat around those
critical fields (see figure 7, top).

4. Summary

In the present work we developed a model for understanding the specific heat properties of a
homometallic ferrimagnetic compound Na2Cu5Si4O14: a low dimensional magnetic system

7



J. Phys.: Condens. Matter 19 (2007) 446203 M S Reis et al

Figure 7. Top panel: magnetic specific heat as a function of magnetic field, for several values of
temperature and {J1 = −1, J2 = −0.1, J3 = 1} K. Middle panels: probability of occupancy of
the levels |5/2, 1, 3/2, 1, ms = 5/2〉, |3/2, 1, 1/2, 1, ms = 3/2〉 and |1/2, 1, 1/2, 1, ms = 1/2〉.
Bottom panel: crossing of those quantum levels, responsible for that behavior in Cm(H ); top panel.
For the sake of clarity, we hid the other quantum levels.

with Cu dimers and trimers in a zigzag chain. We obtained excellent agreement between
our model and the experimental data for the specific heat; and further analysis could predict
anomalous behavior due to the crossing of energy levels.
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Appendix. High and low temperature limits of some thermodynamic quantities

From equation (4) we can proceed to the high and low temperature limits, for H = 0:

Um = − 3
8 [J1 + 2J3] (A.1)

Um = −E (0)
�GS

(A.2)
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respectively, where GS means ground state. For this last limit (T → 0), the internal energy
tends to the energy of the zero-field ground state, as expected.

Since the internal energy tends to a constant value, the specific heat tends to zero in both
limits (low and high temperature).

For H = 0 and the T → ∞ limit, Z → ∑
�

∑
ms

= 32. The internal energy Um tends to
a constant in this limit; therefore S → kB ln(32). On the other hand, for H = 0 and the T → 0
limit, S → kB ln(�̃), where �̃ is the number of accessible states of the configuration �GS, i.e.,
�̃ = 2s + 1. For instance, for � = 9 : |1/2, 1, 1/2, 1〉, �̃ = 2 and therefore S = kB ln(2).

All of these limits are shown in figure 4.
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